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Abstract

We study the global dynamics of a strain-structured SIS model with a nonlocal mutation kernel.
We characterize the epidemic threshold in terms of the spectral bound of the linearized operator
and relate it to a generalized basic reproduction number Ry, a formulation that remains valid
even when the recovery rate vanishes locally. We show that the sign of the spectral bound
determines extinction and persistence, and characterize the critical dynamics in the regular case.
In the regular supercritical regime, we also construct an example with a unique unstable endemic
equilibrium, showing that convergence towards the endemic state fails in general. Under an
additional balanced transmission condition, however, we prove convergence towards the endemic
equilibrium.

Keywords: SIS model, structured populations, spectral analysis, basic reproduction number,
mutation-selection, stability.

1 Introduction

The mathematical modeling of infectious diseases has a long tradition, dating back to the pioneering
work of Kermack and McKendrick [27] and later developed by Anderson and May [3]. Among
the classical compartmental models, the SIS (Susceptible-Infected—Susceptible) model is of special
interest for infections which do not confer long-term immunity after recovery. In its simplest form,

the SIS model reads
{;isof) = yI(t) - BS(H)I(t),
41(t) = BS)I(t) —~I(2),

where S(t) and I(t) denote the proportions of susceptible and infected individuals, respectively.
This model assumes that all infected individuals are epidemiologically identical.

In most biological situations, this assumption seems to be rather questionable. Indeed, infected
individuals may differ significantly in terms of susceptibility, infectivity, and recovery rates due to
genetic or phenotypic variability, or the coexistence of multiple pathogen strains. Such heterogeneity
can strongly influence the epidemic dynamics and lead to behaviors that cannot be captured by
homogeneous models. This observation has motivated the development of structured SIS models,
where the infected population is described by a distribution over a continuous strain variable.

Early heterogeneous SIS models with multiple interacting groups were introduced by Laj-
manovich and Yorke [30], and can be viewed as finite-dimensional precursors of the continuous
structured models considered by Delmas, Dronnier and Zitt [17].

To account for the heterogeneity, we consider a structured SIS model where the infected pop-
ulation is described by a density I(t,z) depending on a continuous strain variable z € € that



characterizes the pathogen. Unlike in [17, 30], where the trait structure is a characteristic of the
host, in our study the susceptible population depends only on t.

The dynamics is given by the system

450 = [ @It dy—50) [ [ kaw)Ity dedy

(1)
01(t,2) = 5(t) [ (o, )I(t.y) dy = (@)I(t2),

where Q € R? is a compact set of positive Lebesgue measure representing the strain space, k(x,y)
models the transmission and mutation process, and ~y(x) denotes the recovery rate.

Summing the two equations, we obtain that the total population is conserved. Without loss of
generality, we can normalize to one, that is S(t) + [, I(t,z)dz = 1 for all time t.

Substituting this expression into the equation for I, we obtain the following closed integro-
differential equation:

ot(t.a) = (1= [ 1(t.9)dy) [ k) 10) dy =1 @)1(00). (2)

We make the following structural assumptions on the model:

(K1) Regularity of the transmission kernel. The kernel k(z,y) is non-negative and the
mapping y — k(-,y) belongs to C(Q; L1(Q2)).
This assumption guarantees an appropriate compactness property for the associated integral oper-
ator. Similarly, it permits to define :

k:= sup/ k(z,y)dr < +o0.
yeQ JQ

(K2) Irreducibility on L!(Q2). For every measurable set S C  satisfying
0 < p(S) < u(),

where p denotes the Lebesgue measure, one has
[ [ k) duty) du(a) > o.
Q\s /s

(K3) Strong positivity (Irreducibility on C(£2).) For any nonempty open subset A C 2,

/ k(x,y)dz > 0, Vy € Q.
A

These conditions ensure that the strain space cannot split into dynamically isolated components.
(I'1) Recovery rate. The function «y is continuous and non-negative on 2. We set

v = 211618’)/(1') and Y= H’.YHOO

A key focus of this work is the singular case v = 0, which allows for the existence of strains
associated with absent recovery.



When the recovery rate is uniformly positive, our model is a particular case of the measure-
valued selection-mutation framework studied by Ackleh, Cleveland and Thieme [1]. Indeed, defining
B(y) = Jg k(z,y) dr and the probability kernel P(y, dz) = k(z,y) dz/B(y), our equation corresponds
to birth and mortality rates B(m,y) = (1—m)+((y) and D(m,y) = (y), respectively. The positive-
part extension agrees with the SIS dynamics on the invariant region 0 < m < 1. Under our kernel
assumptions, their sufficient condition for persistence implies s(Lg) > 0, but the converse fails.
Our spectral criterion therefore establishes persistence for additional models within this class. We
also investigate the singular regime in which the recovery rate may vanish, which lies outside their
uniformly positive mortality assumption.

Proposition 1.1 (Well-posedness and invariance). Under assumptions (K1) and (T'1), for any
initial condition Iy € L1 (Q) such that

m(0) = / Io(z) dx € 0,1),
Q
there exists a unique global solution
IeCH(Ry; L)

to the system. Moreover, the solution remains nonnegative for all times and the total mass

m(t) := /Ql(t,a:) dx satisfies m(t) € [0,1], Vt>O0.

To capture the nonlinear feedback induced by the depletion of susceptibles, we introduce, for
each m € [0, 1], the linear operator L,, : L'(£2) — L'(Q) defined by

Lud(@) = (L=m) [ K(,5)o(y) dy = 1(@)o(z).

This operator describes the linear infection dynamics when the total infected mass is frozen at the
level m.

The system can admit, besides the disease-free equilibrium (I = 0), nontrivial stationary states
corresponding to the persistence of the infection. In the regular case, such stationary states are
described by L' densities. However, when the recovery rate vanishes on part of the trait space,
stationary states may develop concentration on the zero-recovery set. For this reason, we use a
measure formulation of endemic equilibria. The possible nonexistence of a principal eigenfunction
and the emergence of singular eigenmeasures for nonlocal operators have been investigated by Biirger
and Bomze [7], by Coville [5, 15] and Cloez and Gabriel [14]. Related concentration phenomena
have also been studied in an epidemiological model with continuous phenotypes [24].

More precisely, denoting by M, (£2) the space of the positive measure, if p € M (), we define

Kpi=pua)de,  pue) = [ bay)u(dy),  p.e L),

and 'y := v p. Thus the same expression defining L,, also has a natural meaning on positive Radon
measures:
Ly :=(1—m)Ku—Tp.

This should be understood only as the measure extension of the formula above.



An endemic measure is a measure
pt € M4L(Q) with mass m* := p*(Q) > 0,

satisfying
0= (U= m) ([ k) (@) do ~2(a) (o).

With the above notation, this can be written compactly as L,»u* = 0 in the sense of measures.
In the regular case (y > 0), this notion reduces to the usual L' notion of endemic equilibrium.
Indeed, since v is bounded away from zero, the identity

Yt =(1-m")Kp*

implies that p* is absolutely continuous with respect to the Lebesgue measure. Hence p*(dz) =
I*(z) dz for some I* € L1 (Q), and the stationary equation becomes

0= (1—m*)/gk(:c,y)[*(y) dy —(2)T*(x),  m" :/QJ*(Q;) dz.

Thus endemic equilibria may be described by densities in the regular regime, whereas the measure
formulation is needed in the singular regime in order to capture possible concentration phenomena.

The family (L )me[o,1) therefore provides the natural spectral framework for studying stationary
states. For a fixed value of m, the stationary problem is linear, and the admissible masses are selected
by the values of m for which the eigenvalue problem

Lpp=0

admits a nontrivial positive solution in the measure sense.
This motivates the study of the equation s(L,,) = 0, where s(L,,) denotes the spectral bound
of L,, as an operator on L(Q):

$(Ly,) :=sup{Re(\) : A € o(L,)}.

Here o(L,,) denotes the spectrum of L, on L'(2). Throughout the paper, unless explicitly stated
otherwise, s(L,) always refers to this L' spectral bound. The use of Radon measures concerns the
eigenvectors associated with the measure extension of L,,, not the introduction of a second spectral
bound on M(2).

As will be shown below, the map m + s(L,,) is continuous and non-increasing. Its zeros
therefore provide the compatibility condition selecting the possible masses of endemic states. In
this sense, the condition

(L) =0

plays the role of a nonlinear spectral constraint for the existence of endemic equilibria.

Specifically, the linearization of the system at the disease-free equilibrium corresponds to the
operator Lg, which describes the initial growth or decay of small perturbations of the disease-free-
equilibrium.

The global behavior of the nonlinear system is therefore expected to be governed by the spectral
properties of the linearized operator Lg. In particular, the sign of the spectral bound s(Lg) is
expected to determine whether small perturbations around the disease-free equilibrium are growing
or decaying, and thus serves as a threshold parameter for the epidemic dynamics.

In classical epidemic models, the threshold phenomena are usually formulated in terms of the
basic reproduction number Rg, which represents the average number of secondary infections caused



by a typical infected individual in a completely susceptible population. In structured population
models, this quantity is typically defined through the next-generation operator [19, 39]

N = Kr—L

where the transmission operator K : L'(Q) — L'(2) and the loss operator I' : L*(Q) — L'(Q) are
given by

Ko@) = [ kool s, Tow) = (x)é(a)

However, this classical framework is based on the invertibility of the loss operator I'. When the
recovery rate is allowed to vanish locally, the operator I'~! is no longer well defined on L'(€2), and
the usual definition of Ry is not applicable. To address this issue, we use the following generalized
definition:

T -1
Ro = IA%W(K()\I +1)71),

where 7(-) denotes the spectral radius, which is defined for a bounded operator A, by:

r(A) == sup {|] |u€ o (A)}.

This definition coincides with r(N') when v > 0, and remains meaningful in the singular case
7 = 0, where it defines a quantity in [0, 4o00]. In such regimes, the spectral bound s(Lg) (where
Lo = K—T') remains well defined and continues to govern the growth or decay of small perturbations
around the disease-free equilibrium.

This spectral characterization provides the relevant invasion criterion. It then allows us to
distinguish extinction and persistence regimes, with a critical regime whose behavior depends on

whether the recovery rate is uniformly positive or may vanish.

Theorem 1.2 (Threshold characterization). e Regular case (v > 0). The spectral bound s(Lg)
and the basic reproduction number Ry = r (KF_I) provide equivalgnt threshold criteria, in the sense
that

s(Lo) >0 <= Rp>1, s(Lp) <0 <= Ry < L.

o Singular case (y = 0). Even when the recovery rate vanishes locally and the classical next-
generation operator may fail to be well defined, the threshold relation between s(Lgy) and Ry remains
valid in the sense that

s(Lp) >0 < Ry >1, s(Lp) =0 <= Ry < 1.

The first statement is a consequence of the general spectral theory developed by Thieme [37],
whereas the second one is established in the present work.

This spectral characterization offers the correct linear threshold criterion for the model. The
primary aim is then to employ this information to study the complete nonlinear dynamics of the SIS
model. Specifically, we show that the sign of s(Lg) determines the long-time dynamics of solutions,
yielding a clean dichotomy between extinction and persistence of the infection.

Theorem 1.3 (Global dynamics and equilibria). Recall that we denote by m(t) = [, I(t,y)dy the
total mass of infected individuals, which satisfies 0 < m(t) < 1.

o Extinction (s(Lg) <0). The disease-free equilibrium is globally asymptotically stable and is
the unique equilibrium of the system. Moreover, there exist constants C,w > 0 such that

m(t) < Ce “'m(0) forallt >0,

so that m(t) — 0 exponentially fast as t — +o0.



« Critical case (s(Lg) = 0). If the recovery rate is uniformly positive (i.e. v > 0), the
disease-free equilibrium is still globally attracting, with algebraic decay:

m(t) = Ot™) as t — 4o00.
o Persistence (s(Lg) > 0). The disease-free equilibrium is unstable and the infection persists

in the population:
lim inf m(t) > 0.
t——+o00
In this regime, the system admits endemic equilibria. If v > 0, this equilibrium is unique. In

contrast, in the singular case v = 0, the set of equilibrium states may fail to be unique.

Remark 1.4 (Threshold m, in the singular case). In the singular case v = 0, define m, := inf{m €
[0,1] : s(Ly,) = 0}. Assume that there exists a compact set A C Q with positive measure such that

a4 = inf k(@)
veAa v(z)

dr > 1.

This sufficient criterion already appears in [31, Theorem 2.1], where it ensures the existence of
a principal eigenvalue for nonlocal operators acting on C(9). In our L! framework, Proposition 2.3
gives s(Ly,) > 0 for all m < “2;1, and therefore m, > % > 0.

Conversely, if

b:= Sup/ Kz, y) dzx € (1,4+0),
yeQ JQ ’Y(x)

then s(L,,) = 0 for all m > IFTI, so that m, < IFTl < 1. This upper bound follows from the
norm criterion discussed in [7, p. 244], combined with their Corollary 3.8.

Hence, if both conditions hold, 0 < m, < 1.

In particular, the map m + s(L,) reaches the value 0 strictly before m = 1 and remains constant
thereafter, producing a non-trivial spectral plateau and, whenever the corresponding positive eigen-
elements exist, a continuum of endemic equilibria.

We now turn to a finer description of endemic equilibria in the singular regime where the recov-
ery rate may vanish. While the previous result characterizes the persistence of the infection, it does
not provide information on the structure of the equilibrium measure. In particular, the possible
emergence of singular components requires a more detailed analysis. The following result shows
that any such singularities are necessarily concentrated on the set of strains with vanishing recovery
rate, and provides a sharp criterion for the presence or absence of mass on this set.

Definition 1.5 (Vanishing recovery set and infectious potential). We define the vanishing recovery

set by
Z :={zx € Q:v(x) =0}

For y € Q, we define the infectious potential associated with the non-vanishing recovery region by

B(y) := / k(z,y) dx € [0, 400],

oz (z)
and we set
B :=sup B(y).
yeN
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Theorem 1.6 (Concentration on the vanishing recovery set). Let pu be an equilibrium measure with
total mass m € (0,1), and

W = pac + Using

be the Lebesgue decomposition of p with respect to the Lebesque measure, where pae < dx and
psing L dx. Then the singular part of p is necessarily supported on Z, that is

Supp(fising) C Z.
Moreover, the following dichotomy holds:
o IfB(y) = +o0o forally € Z, then u(Z) = 0.

e If0< B < +oo and m > %, then ((Z) > 0. In particular, if |Z| =0, then piging # 0.

To further investigate the long-time dynamics in the endemic regime, we introduce an additional
structural assumption on the transmission kernel, namely

/k(x’y) dr =Ry, ye.
o ()

This condition can be interpreted as a balance property of the infectious potential carried by each
strain. Although restrictive, it still covers a broad class of transmission kernels and is substantially
more general than the particular case k(z,y) = Q(x).

Under this assumption, we construct a Lyapunov functional and prove that, in the supercritical
regime Ry > 1, the total infected mass converges to

and the full infected profile converges in L!(£2) towards the unique endemic equilibrium.

This limitation is genuine: we construct in Section 3 a regular supercritical example whose
unique endemic equilibrium is unstable, thereby ruling out global convergence under the general
assumptions of the model.

Relation to existing literature

A natural connection with the literature on selection—mutation models appears by first considering
the mutation-free version of our equation. Formally, if an individual infected with strain x can only
transmit the same strain, then

01(t,2) = (B@)S(1) = r(@)Ita), S0 =1- [ I(t.y)dy.

Equivalently,
QI (t, ) = (a(:c) _ / b, ) I (L, y) dy> I(t,2),
Q
with
a(z) = B(x) —v(x),  blx,y) = B().
Hence, in the absence of mutation, our equation belongs to the class of competitive selection models

discussed in [33, Chapter 2| and studied, for instance, in [18, 26]. Related long-time selection and
concentration phenomena in the presence of multiple fitness peaks are investigated in [32]. In



this formulation, the different pathogen strains compete indirectly through their common depletion
of the susceptible population. The same mutation-free equation is closely related to structured
epidemic models in which a continuum of pathogen variants competes for susceptible hosts [20, 10].
In particular, Burie, Ducrot and Griette [8, 9] consider equations in which the infected population
satisfies
OI(t,x) = (B(x)S(t) — v(x))I(t, x),

while the susceptible population evolves according to a separate demographic equation. The se-
lection mechanism acting on the pathogen trait is therefore very similar to the one arising in our
mutation-free model. The dynamics of the susceptible population is, however, different. In our SIS
setting, recovered individuals immediately return to the susceptible compartment and the conser-
vation of the total population gives

S(t) = 1—/QI(t,a:) dz.

By contrast, models including recruitment, natural mortality or a removed compartment lead to
an independent evolution equation for .S. Thus, despite their closely related selection mechanisms,
neither framework is in general a particular case of the other.

Mutation mechanisms based on nonlocal kernels are classical in population genetics and mutation—
selection theory. Continuum-of-alleles models [28] and their extensions describe transitions from a
parental trait to an offspring trait by means of integral kernels [29, 14, 13, 23]; see, among others,
Burger [6], Burger and Bomze [7], Calsina and Cuadrado [12, 11], and Raoul [34]. In a common
continuous-time formulation, selection and mutation are represented as distinct mechanisms, leading
schematically to equations of the form [5, 2]

o= (a(w) ~ [ b y)ult.)dy ) ut M,

where M is a linear mutation operator, for instance a nonlocal integral operator or a diffusion
operator in trait space [4].

The present model uses the same classical idea of describing trait changes by a nonlocal kernel,
but incorporates it into the epidemic transmission mechanism:

O I(t,x) = S(t) /Q Kz, y)I(t,y) dy — 7 (2) (¢, 7).

Here k(x,y) represents the production of new infections carrying strain x from individuals infected
with strain y. For instance, whenever the kernel is written in the form

k(x,y) = B(y)M(z,y), /QM(x,y) dr =1,

the quantity 5(y) represents the transmission rate of strain y, whereas M (-,y) describes the dis-
tribution of the strain carried by a newly infected individual. The mutation-free case is formally
recovered for

M (dx,y) = 0,(dx).

Organization of the paper. The paper is organized as follows. In Section 2, we develop the
spectral analysis of the family of operators (Lm)me[o,1) and establish the main properties of the
spectral bound. Section 3 is devoted to the study of equilibrium states and the proof of the main
results on the global dynamics. Finally, numerical simulations illustrating the theoretical results
are presented at the end of this paper.



2 Spectral analysis and stationary states

In this section, we study the spectral properties of the family of operators
L,=(1-m)K-T, m € (—oo, 1],

and use them to characterize endemic equilibria.

We first analyze the operator L,, for a fixed value of m, establishing compactness, positivity,
and criteria ensuring either a spectral gap or saturation at the edge of the spectrum. We then study
the spectral curve

m +— $(Ly,),

including its monotonicity, continuity, and possible plateau behavior. Finally, we relate the zeros of
this spectral curve to endemic equilibria and introduce a measure framework in order to describe
possible singular stationary states when the recovery rate vanishes.

2.1 Fixed mass spectral analysis

Lemma 2.1. The operator K : L'(Q2) — LY(Q) is compact. Furthermore, the adjoint operator
K*: L) — L™(Q), given by K* f(y) = Jq k(x,y) f(x) dx, maps L>(Q) into C(Q).

Proof. We first prove that K is compact on L(£2). By assumption (K1), the map y — k(-,%) is con-

tinuous from  into L'(£2). Since Q is compact, this continuity is uniform. Hence, using the strong

continuity of translations in L'(R?), we obtain supyeq [|Tnk (5 y)—k( )l 1 7 0. Let B denote the
—

unit ball of L(Q). For every ¢ € B, one has ||7(K¢)—Ko¢| 1 < supyeq Tk (-, y) =k y) 18]l o1
Therefore, supye g |7 (K@) — K|l 11 — 0. Moreover, K (B) is bounded in L'(€) and its elements
—

are supported in the compact set 2. By the Riesz—Fréchet—Kolmogorov compactness theorem, K (B)
is relatively compact in L'(€). Hence K is compact. We now prove the regularity property of the
adjoint operator. Let f € L>(Q),y € Q and y,, — y in Q. Then, by (K1), ||k(-, yn) —k(-,y)|lz1 — 0.
Consequently, |K* f(yn) — K*f(y)| < (|l k(s yn) =k y)l[Lr — 0. Thus K*f € C(Q). O

For general background on principal eigen-elements of positive operators and extensions of the
Krein-Rutman theorem, we refer to [22].

Proposition 2.2 (Principal eigen-elements for L,,). Let m € (—oo,1). Then the following proper-
ties hold.

1. $(Ly,) < +o0,
2. If s(Lpm) > s(=T') = —, then there exist f,, € L1 (Q)\ {0} and ®,,, € LT () \ {0} such that
LS = $(Lm) fos L% @ = 8(Lyn) Py

Moreover,

o, € C(Q) and D, (x) >0 forall x € S



3. Without assuming the spectral gap condition, the measure extension of Ly, admits a non-zero
positive Radon measure ji, € M4 () \ {0} associated with the same spectral value s(Ly,),
where s(Ly,) is the spectral bound of Ly, on L'(Q2). In other words,

L pim = $(Lin) pim
in the sense of measures.
Proof. First of all, we have the following inequality:
$(Lm) < 7(Lm) < || Lmll < (1 =m)k +7 < 400

Assume now that s(L,,) > s(—I') = —y. By Lemma 2.1, the operator K is compact on L'(€).
Hence L,, = (1 — m)K — T is a compact perturbation of —I'. Since s(L,,) lies strictly above
the spectral bound of the multiplication operator —I', Theorem 6.7 applies. Therefore s(L,,) is a
principal eigenvalue of L,,, and there exist f,, € L1 (Q2)\ {0}, @, € LL(Q) \ {0}, such that

mem = S(Lm)fma L:;»L(I)m = S(Lm)q)m'

It remains to prove the additional regularity and strict positivity of ®,,. Since L, =
(1—m)K*—T, the eigenvalue equation gives (1—m)K*®,, = (s(Ly,)+7)Pp,. By Lemma 2.1, one has
K*®,, € C(Q2). Moreover, s(Ly,) > —v and y(x) > v, thus we can define ®,,(z) = %—;%ﬁ,
and hence ®,, € C(Q2). We now prove that ®,, is strictly positive. Since ®,, > 0, ®,, #Z 0, and
®,, € C(R), there exist a nonempty open set U C Q and a constant ¢ > 0 such that ®,,(x) > ¢ for

all x € U. For every y € (1, the eigenvalue equation gives

(5(L) + 7)) = (1L =m) | bl ®(@)de = (1=m)e [ ka,y)dr,

By assumption (K3), the last integral is strictly positive for every y € Q. Since m < 1, we obtain
(s(Lm) + 7)) Pm(y) > 0. As s(Ly,) +v(y) > 0, it follows that ®,,(y) > 0 for all y € Q.

We now turn to the case where no spectral gap is assumed. By the measure extension result
stated in Theorem 6.8, the L!-spectral value s(L,,) admits a positive eigenmeasure for the measure
extension of L,,. Thus there exists p,, € My () \ {0} such that Ly, ptm = s(Lm)im in the sense of
measures. We emphasize that s(L,,) still denotes the spectral bound of L,,, on L!(€2). No uniqueness
is asserted. 0

We now establish explicit conditions on the transmission kernel and the recovery rate that govern
the saturation of the spectral bound. Our findings characterize the threshold structure of the map
m + $(Ly,) through two distinct mechanisms:

e Spectral gap: A regime where the spectral bound stays strictly isolated above the spectral
bound, i.e., s(Ly,) > —7.

e Plateau formation: A saturation regime where the spectral bound merges with the essential
bound, i.e., s(L,) = —7.

Proposition 2.3. Let A C Q2 be a compact subset with positive measure, and set

aq = inf 7]{;(%”
yeAJay(x) —

dx.
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For every m € (—o0, 1) such that

apg—1
m < )
aA

the spectral bound of L, satisfies s(Ly,) > —7.

Proof. The assumption is equivalent to as > % For A > —v, let T\ = (M + [~'K. Then
A€ o(Lp) = 1ea((l- )TA) and r(Ty) = 12 < A = s(Lm). Define H(\,y) := [4 x1otl; da.
For every y € A, H(\,y) T fA ~ x) ol ) dz as A ¢ . Since A is compact and H(\,-) is continuous,
there exists A\g > —v such that inf,ca H(Xo,y) > ﬁ Consider the positive operator on L*(A),
(S202)(¥) = [4 1tsio(w) da. Then Sxy1a > (infyes H(Xo,y)) 1a, and therefore

1

r(Sx,) = ;22 H(Xo,y) >

Moreover, Sy, is the compression of T} to A, so positivity gives r(Sy,) < r(Tx,) = r(Th,)-
Hence 7(Ty,) > 1=. By the monotonicity of A — p(T}), it follows that

s(Lm) > Ao > —7.

Example 2.4.

Let the recovery rate and kernel be v(x) = 2 + x and
k(z,y) = 4z(1 + 1 cos(2my)) on Q = [0,1]. We compute

the constant a analytically: a = inf,cq fol «,k(;,;fy)q dx = 2. S

The condition for the existence of a spectral gap is

m < “%1 = 0.5. The numerical results shown in Figure 1
confirm that for m < 0.5, the spectral bound s(L,,) (blue)
stays above —y = —2 (red dashed).

Figure 1: Numerical verification of
the spectral gap.

Proposition 2.5. Set

o k(z,y)
b.= 21618/9 Y@y dx.

For any m € [0, 1] satisfying

we have

Proof. Assume for contradiction that s(L,,) > —v, and set § := s(L;,) +~ > 0. By Theorem 6.7,
there exists a positive eigenfunction I € L}F(Q) \ {0}. The eigenvalue equation gives

5+'y /kxy

11

I(z) =



Integrating over 2 and applying Fubini’s theorem, we obtain
k(z,y)
1 zl—m/I /7’da@d§1—mbl ,
s = =m) [ <y>< R ) y< (1= m)

where the last inequality follows from

1 o1
d+7y(m)—v = y(®) -~

on {y > v}, while the finiteness of b ensures that the contribution of {y = 7} is zero.
Since m > (b —1)/b, one has (1 —m)b < 1, which contradicts I # 0. Hence s(L;,) = —. O

Example 2.6.

Consider again the functions v and k introduced in Ex- Spectel e o i,y = 4x(L+ cos(2m). ) =2 +x
: — s(tm) :
ample 2.4. Since v = 2, -

1
b= sup / de:(;_
yel0,1] /0 y(z) =

== Proposition bound ri = &

Spectral bound (L)

Hence Proposition 2.5 yields

5
s(Lpy) = —2 for m > 6 oo %

04 06 Y 10
Total infected mass m

This bound is not sharp: using the separable structure of
L th tual £ it P & ¢ E 3 Figure 2: Spectral plateau. The bound
» the actual transition occurs at me = . 5/6 is sufficient but not sharp.

Proposition 2.7 (Uniqueness of the eigenfunction). Assume y > 0 and let m € [0,1) be such that
s(Ly) > s(=TI). Let Ji,Jo € LY(Q) satisfy Ly J1 = $(Ly)J1 and Ly, Jo = s(Ly,)Jo, Jo # 0. Then
there exists o € R such that J; = aJs.

Proof. Set Ly, := Ly, — $(Ly)1d. Then s(L,,) = 0, and Ly,J = $(Ly,)J <= Ly, J = 0. Moreover,
etlm = e=s(Lm)tetlm g6 [, also generates a positive semigroup. Therefore, it is enough to prove
the result in the case where the spectral bound is zero.

Thus, up to replacing Ly, by Ly, we may assume that s(Ly) = 0. We first observe that if
J € LY(Q) satisfies L,,J = 0, then |J| is also an eigenfunction associated with the eigenvalue 0.
Indeed, J = (I — L,)~'J = R(1, L,;)J, which is well defined since s(L,,) =0 < 1.

Denoting T := R(1, L,), the positivity of T" yields (see Chapter VI from [21]) |J| = |T'J| < T'|J|.
Since vy > 0, Proposition 2.2 give us a function ® € L3°(Q2) which is strictly positive and satisfies
L} ® = s(Ly,)®. Furthermore, ® verifies ® = T* .

Applying the linear form (®, -) to the non-negative function T'|J| — |J| gives (®,T|J| —|J]) = 0.
As ® > 0 almost everywhere, this implies |J| = T'|J| almost everywhere, hence L,,|J| = 0.

We now show that 7T is strongly positive. Let f € L} (€2)\ {0} and set u = T'f. Positivity of the
resolvent gives u > 0. Assume by contradiction that S := {x € Q: u(z) = 0} has positive measure.
Since f = (I — Lyy)u= (1 +7v)u — (1 — m)Ku > 0, we have

0<(1- m)/s/gk(a:,y)u(y) dydzx < /S(l +v(z))u(x)dz = 0.

12



Since u = 0 on S, this reduces to [g [gc k(z, y)u(y) dy dz = 0. By Tonelli’s theorem,

/C u(y) (/Sk(x,y) da:) dy = 0.

Now u(y) > 0 for almost every y € S¢ while [¢k(z,y)dz > 0. Hence [¢k(z,y)dr = 0 for a.e.
y € S¢, and therefore [q. [¢k(x,y)dxdy = 0.

Moreover, S¢ has positive measure, since otherwise u = 0 a.e., which would imply f = (I —
Ly,)u = 0, contrary to f # 0. Thus both S and S¢ have positive measure, and the last equality
contradicts Assumption (K2). Consequently, © > 0 a.e. on .

As a consequence, any non-trivial solution J of L,,J = 0 has a constant sign. Indeed, if J
changed sign, the function v := |J|—J would satisfy v > 0, v £ 0, and Tv = T|J|-TJ = |J|—-J = v.
By strong positivity of 7', this implies v > 0 almost everywhere, hence |J| > J almost everywhere,
which forces J < 0 almost everywhere. Then, we get the following result:

J>0 a.e
L,J=0 — or
J <0 a.e

Up to replacing J; by —J;, we may therefore assume that J; > 0 and Jo > 0 almost everywhere.

Define w := Miﬁ — Mlﬁ By linearity, L,w = 0, so w has a constant sign almost everywhere.
L L

However, [, w(z)dz =1—1 =0, and the only integrable function of constant sign with zero integral

is the zero function. Hence w = 0, which concludes the proof. ]

2.2 The spectral curve m — s(L,,)

Proposition 2.8. The map m — s(Ly,) is continuous on (—oo,1]. Furthermore, there is my < 1
such that the map is decreasing on (—oo,my] and constant equal to —y on [my, 1].

Proof. Since |[K|| < k and T is bounded, L,, = (1 —m)K — T is bounded on L() and generates
a positive semigroup for every m < 1. Let m’ < m. Since L,y = Ly, + (m — m')K > Ly,
Proposition 6.4(iii) gives s(Ly,/) > $(Ly,). Thus m — s(L,,) is non-increasing. Moreover, L1 = —T,
s(L1) = —, and therefore s(L,,) > —y,m < 1.

We now prove strict monotonicity above —y. Assume that m’ < m and s(L,,) > —y. By
monotonicity, s(L,,) > —7 as well. Proposition 2.2 yields a primal eigenfunction f, > 0 and
a dual eigenfunction ®,, > 0 such that L, fm = S(Ly)fors L, Pm = $(Ly)®Pp,. Using L, =
L, + (m —m/)K, we obtain

(8(Li) = (L)) (Prns frr) = (m — m')( @y, K frr) > 0.

Hence s(Ly,) > s(Lp).
It remains to prove continuity. Let m’ < m < 1. If s(Lyy) = —7, then monotonicity and
the lower bound above imply directly s(L,,) = s(Ly,) = —7. Otherwise, Proposition 2.2 provides

fmr >0, and K f,,,, = % - Therefore

mem’ = Lm’fm’ - (m - m/)Kfm’
> (stiw) = (n -y 220 2T g,

1-—m/
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Using the standard sub-eigenvector bound for positive semigroups, Af > Af, f > 0, implies s(A) >
A, we deduce 0 < s(Lyy) — $(Ly,) < (m —m/ )w This estimate gives both left- and right-

1-m

continuity at every m < 1. Finally, for m < 1, Ly < L,, < —yI + (1 — m)K. Hence, again by
Proposition 6.4(iii),

=y < 8(Lm) < =7+ (1 =m)s(K) < =y + (1 —m)| K.

Letting m 1 1 gives s(L,,) — —v = s(L1), so m — s(L,,) is continuous on (—o0,1]. Set
c

my = inf {m <1: s(Ly) = —v - By continuity and monotonicity,

(L) > —7  for m < my, s(Lyp) = —y for m > m,.

The strict monotonicity proved above therefore shows that m +— s(L,,) is strictly decreasing on
(—00,m,] and constant equal to —y on [m,, 1]. O

Remark 2.9. Assuming that v = 0, the graph of the function m + s(L,,) can take one of three
forms:

1. Zero Case: The spectral bound is constant equal 5(Lm)
to 0 for all m € [0, 1]. 1. Zero
2. Plateau
2. Plateau Case: The curve starts positive, reaches 3. Boundary
0 at some m, € (0,1), and remains constant equal to
0 on [my, 1].
m
0 M 1

3. Boundary Case: The curve is strictly decreasing

and reaches 0 exactly at m = 1. Figure 3: Three forms with v =0

Remark 2.10. Assume that v > 0. The existence of an endemic equilibrium is completely determined

by the zeros of the continuous and decreasing map m + s(Ly,). Since s(L1) = —y < 0, we
distinguish two cases based on the initial spectral bound s(Lyg):

$(Lm)
Case s(Ly) > 0: The curve s(L,,) must cross the hor- 1= 0<7,<7,<% <7,

izontal axis at a unique value m* € (0,1) due to the
Intermediate Value Theorem. This m* corresponds to
the unique endemic equilibrium. 0

Case s(Lp) < 0: Since the map is non-increasing
starting from a non-positive value, s(L,,) remains non- -9
positive for all m € [0,1]. Thus, no endemic equilib-
rium exists.

Figure 4: Behavior of s(L,,) with spectral
plateaus

A central contribution of this work is the identification of the epidemic threshold through the
spectral bound s(Lg) of the linearized operator. Rather than relying exclusively on the classical
next-generation operator, we introduce a more general definition of the basic reproduction number,
given by

Ro = %T(K(A)) ., K\ =KW\ +T)%
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This formulation is well suited to both regular and singular recovery regimes. In the case where
the recovery rate is uniformly positive (y > 0), the operator I is invertible and the above definition
coincides with the standard one, namely

Ro = r(KF_1> = r(N),

where A/ := KT~! denotes the next-generation operator introduced by Diekmann et al. [19]. Within
this classical setting, we recover the usual threshold property:

s(Lo) >0 (resp. =0, <0) <= Rp>1 (resp. =1, <1).

The proof is based on a refined spectral study of the family of positive operators K (\), inspired
by the approach developed in [6], and combined with a resolvent decomposition of Lg.

From an epidemiological standpoint, the result shows that the spectral bound s(Ly) can be
interpreted as an intrinsic growth rate of the infection: if Ry < 1, the disease-free equilibrium is
stable and the infection eventually disappears, whereas if Rg > 1, instability arises and the disease
can persist. In this sense, the classical threshold principle known for ODE models naturally carries
over to structured epidemic models involving nonlocal interactions.

Theorem 2.11. Assume that v > 0. Then the following equivalences hold:
s(Lp) > (=, )0 <= Ry > (= <) 1L
Moreover, the spectral bound of Lo satisfies the two-sided estimate
max (u ; ulr,<1) < s(Lp) < min(v; v.lg,>1)-

Where we defined u := yRo —7 and v :=FRg — 7.

Proof. We refer to [37] for the first part of the theorem. It remains to establish the two-sided
estimates. Since v < y(x) <7, we have, in the order of positive operators,

K-l <Ly <K —~l.

By the monotonicity of the spectral bound for positive semigroups, we obtain s(K —71) < s(Lg) <
s(K —~I). Since adding a scalar multiple of the identity shifts the spectrum, s(K —7I) = s(K) -7,
s(K —~I) = s(K) — 7. Moreover, because K is a positive bounded operator on a Banach lattice,
its spectral bound coincides with its spectral radius: s(K) = r(K), see for instance Schaefer [35].
Hence
r(K) =75 < s(Lo) < r(K) — 7.

On the other hand,

lrer<

Y
Since K is positive, %K < KTt < %K . Using again the monotonicity of the spectral radius for
positive operators, we get %T’(K) < TT(KF_l) < %T(K) Since R = r(KT 1), this gives y Ry <

r(K) <7 Ro. Combining this with the previous estimate yields u := YRo—7 < s(Lo) SARo—7 =
v.
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Finally, the threshold equivalence gives the additional information
S(Lo) <0 ifRy<1, S(L(]) >0 ifRg>1.
Thus we may refine the previous bounds as

max (u, ulg,<1) < s(Lo) < min (v, v1gy>1).
O
As already mentioned in the introduction, the equivalence between the spectral bound s(Lg) and
the basic reproduction number Ry is not new in the regular setting. It is a direct consequence of the

general spectral framework developed by H.Thieme in [37], which establishes the correspondence
between the sign of the spectral bound and the threshold condition Ry = 1.

Estimation of Spectral Bound s(Lg) vs. Basic Reproduction Number Ry

7
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Figure 5: Admissible values of the spectral bound s(Ly) as a function of the reproduction number
Ro. The shaded regions indicate the possible locations of s(Lg) under the two-sided estimates of
Theorem 2.11. The vertical line Ry = 1 marks the epidemic threshold, at which s(Lg) = 0.

Figure 5 provides a graphical illustration of Theorem 2.11. The horizontal axis represents the
reproduction number Ry, while the vertical axis corresponds to the spectral bound s(Lg) of the

linearized operator. B B
The admissible region is constrained by the a priori bounds —y < s(Lg) < k —~ and Rg < k/7.
The dashed affine functions u(r) = yr — % and v(r) = 7r — v define lower and upper estimates for

S(LQ).
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In accordance with Theorem 2.11, the sign of the spectral bound is entirely determined by the
position of Ry with respect to the threshold value 1: for Ry < 1, one has s(Ly) < 0, whereas for
Ro > 1, the spectral bound becomes positive. The critical case Ry = 1 corresponds to s(Lg) = 0.

Remark 2.12. The conclusion of Theorem 2.11 may fail when v = 0. To see this, consider the kernel
k(z,y) = y? and the loss y(x) = 222, For an eigenpair of Ly = K — I' with eigenvalue A one must

have (setting ¢ = [y f(y) dy # 0)

2
f(2) = 55> c= /Q 7>\—Cky2y2 dy.

If ¢ = 0 that implies f = 0 which contradicts the definition of (A, f). So we can divide by ¢ to

obtain
2
Yy _
/Q xrg W =1

For real A > 0, the eigenvalue condition is therefore equivalent to

1 y2
(N = dy = 1.
) /OH%Q y

Set © = [0, 1], then
1
@(0):/0 Ldy=1<1,

and ®(\) is strictly decreasing for A > 0, hence there is no solution A > 0 of ®(\)
bound is therefore not positive and by s(Lg) > s(—I') = 0 we finally get s(Lg) =
On the other hand the Next-Generation operator is defined as follows :

= 1. The spectral
0.

Nf(x) = /01 1) gy

It’s easy to see r(N) = 3. Thus r(N) = 1/2 while s(Lg) = 0, showing that the classical next-
generation characterization of the critical threshold fails in the singular case.

When the recovery rate vanishes locally (i.e. v = 0), the basic reproduction number Ry may
become infinite, and the conventional next-generation operator N = KT'! is no longer adequately
defined in the standard framework of Diekmann et al. [19]. Consequently, the usual threshold
characterization based on Rg fails. The following result tackles this challenge by extending the
connection between the spectral bound s(Lg) and epidemic invasion to this singular regime.

Theorem 2.13. Assume that v =0 and y(-) # 0. Then the following equivalences hold:
s(Lp) > 0 <= R > 1.

Moreover the spectral bound of Ly satisfied the two-sided estimate
0 <s(Lo) < (7730 - 1) Ire>1

As a consequence we have Ry < 1< s(Lg) = 0.
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Proof. For every A > 0, we have the factorization
M—Lo=T-KN)AM+T), K\ :=KAM+T)L

Hence
Aeo(Ly) <= 1ealK(N).

Moreover, A — () is decreasing and continuous on (0, 4+00), so A — 7(K(\)) is non-increasing
and continuous, with r(IC(\)) — 0 as A — +oo.

Assume first that Ry > 1. Then 7(I(Ag)) > 1 for some )Ny > 0, and by continuity there
exists \* > 0 such that r(IC(A\*)) = 1. Since K(A*) is positive and compact, Krein—Rutman gives
1 € o(K(A*)). Hence A* € o(Ly) and therefore s(Lg) > 0.

Conversely, assume that s(Lg) > 0. By [21, Chapter VI, Theorem 1.10], s(Lg) € o(Lg), hence
1 € o(K(s(Lo))) and r(K(s(Lp))) > 1. By monotonicity,

Ro = lﬁgr(lC()\)) > r(K(s(Lg))) > 1.

We now exclude Ry = 1. In that case, r(C(\)) = 1 for every A € (0,s(Lg)]. Choose 0 < A\ <
A2 < s(Lg). By Krein-Rutman and irreducibility, there exist u; € L} (Q2)\{0} and ¢ € L (€2)\ {0}
such that

K(A)ur = u, K(X2)" 2 = ¢,

with u; > 0 a.e. Since K*¢y = (A2 + 7)¢p2, we obtain

(2, (K(M) = KOw)ur) = (o = M) [ ‘W dy > 0.

On the other hand, the two eigenvalue relations give
(B2, (K(M1) = K(A2))u1) = (d2,u1) — (p2,u1) = 0,
a contradiction. Therefore Ry > 1, and thus
s(Lg) >0 <= Rp>1.

Finally, since v = 0, one has s(—I') = 0, and Ly = K —I' > —I'. Hence s(Lg) > 0, so the
previous equivalence yields
Ro<1l <= 8<L0) =0.

The two-sided estimate follows from the same comparison argument as in Theorem 2.11, with
7 =0. O

Remark 2.14 (Comparison with the classical next-generation operator). The generalized definition
of Ro may remain meaningful even when the classical next-generation operator KT'~! is not available
as a bounded operator on L'(€2). Indeed, consider

T

Q=10,1], v(z) = =z, k(m,y):x+y.

As shown in Appendix Proposition 6.9,

_1 -1\ _
Ro—lﬁr&r(K()\I%—F) )=m
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On the other hand, the classical next-generation operator N’ = KT'~! does not define a bounded
operator on L1(0,1), since 1 ¢ D(I'"!) and

P11 () — é ¢ 11(0,1).

In fact, when N is considered on its natural domain

f

D(N) = {f e L'(0,1) : o= L1(0,1)},

its resolvent set is empty. Indeed, for every f € D(N), the function N f admits a continuous
representative on [0, 1] which vanishes at 2 = 0. Hence the constant function 1 cannot belong to
the range of NV — AI for any A € C: for A # 0, such an equation would force f(z) - —1/Xas z |0,
contradicting f/z € L'(0,1). Therefore o(N) = C, and in particular

sup |A[ =
A€o (N)

Thus the regularized reproduction number remains finite even though the classical next-generation
operator has no resolvent point. Moreover, for the rescaled kernels

1
kc(‘ray) :Ck(xay)v 0<e< ;a

one has Ry = cw < 1, whereas the corresponding next-generation operator still satisfies o(N,) = C.

2.3 Endemic equilibrium and endemic measures

Proof of the Theorem 1.6. Let i be an endemic measure with mass m*. Since x — k(z,y)
belongs to L!(Q) for every y € Q, we can define the nonnegative measurable function

= / k(x,y) p(dy).
Q

By Tonelli’s theorem, [ pu(z)dr = [qo o k(z,y)dz p(dy). Moreover, since sup,cq Jo k(z,y) dz
is finite by assumption (K1), and since p is a finite Radon measure, we obtain [, p,(z) dz

(supyeg Jo k(z,y) dw) ©(2). Thus p, € L1(Q).
Now, for every Borel set A C €2, the measure Ky satisfies

:/Q/Ak(x,y)dx,u(dy)Z/A,Ou(x)dx

Therefore Ky is absolutely continuous with respect to the Lebesgue measure, with density p,:
Kp = pu(x) dz. Using the stationary relation (1—m*)Kp = I'i, we deduce that I'y is also absolutely
continuous. Restricting to @\ Z = {x € Q : y(x) > 0}, this yields that o\, is absolutely
continuous, with density given by

Tonz(a) = 535 | k() ).

Setting meyut := p(2\ Z), we obtain

Mout = (1 —m* / </ (;y) dx) wu(dy) = /B
oz
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Let p = fac + psing denote the Lebesgue decomposition of pi. Since I'p is absolutely continuous and
I'it = ptac + Ylising, the uniqueness of this decomposition implies 7y pusing = 0.

For any compact set A C 2\ Z, there exists ¢ > 0 such that v > c on A, hence 0 = (V/ising)(A) >
¢ psing (A), which gives psing(A) = 0. By inner regularity, it follows that fuing(©2\ Z) = 0, and
therefore supp(itsing) C Z.

Assume that B(y) = +oo for all y € Z. If u(Z) > 0, then [, B(y) pu(dy) = +oo, which implies
Mous = +00, contradicting moys < u(2) = m* < 1. Thus u(Z) = 0.

Suppose 0 < B < +o00. Since B(y) < B on Q, we have Mous < (1 —m*)Bm*. If u(Z) = 0, then
Mous = m™, and thus 1 < (1— )E that is m* < B=1 , which contradicts the hypothesis. Therefore
w(Z) > 0.

Finally, if |Z| = 0, then p..(Z) = 0, so u(Z) > 0 implies psing(Z) > 0, and in particular
Msing 75 0. O]

Remark 2.15 (A non-empty critical plateau with B = 400 on Z). Shows that the concentration
result in Theorem 1.6 is not purely formal. For the example introduced in Remark 2.14,

x
z+y’

Q=10,1], v(z) = =z, k(z,y) =

one has Z = {0} and

~ (YE(,0) , st1 o
B(O)f/o @) dxf/o —dr = +00.

Hence the no-mass condition of Theorem 1.6 applies, and

w(Z) =0

for every endemic measure p with u(€2) € (0,1).
On the other hand, Appendix 6.9 shows that

1
(L) =0 for all m € [1 - =, 1) ,
T

whereas .
s(Lm) >0 if and only if —m<1——.
0
Hence the plateau starts at the strictly subunit mass
1
me=1——¢€(0,1).
7r
Thus, although the generalized reproduction number is finite, Ry = w, and gives rise to a
nontrivial critical plateau, the divergence of B on Z prevents any endemic equilibrium measure

from charging the vanishing recovery set.

Proposition 2.16 (Strict positivity of the spectral bound below an equilibrium). Assume that
v = 0 and that the following additional assumptions:

(H1) There exists € > 0 such that

inf k(z,y)dy >0, Qe :={yeQ:9(y) >e}.

zeQ JQ

€
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(H2) |Z| = 0.
(H3) x+— k(z,-) € C(Q,L>®(Q)).
Let m € [0,1) and suppose there exists I* € L1 (Q)\ {0} such that
L,,I* =0.

Then for all m’ < m, one has
S(Lm/) > 0.

Proof. From L,,I* =0, we have (1 —m)KI* =~I*. By (H3), KI* € C(Q), hence vI* € C(1). Fix
e>0asin (H1). On Q. = {z:y(x) > e},

I*(z) = S KT (@),

so I* is continuous on £2.. We first claim that I* > 0 a.e. on Q. Indeed, let A := {z € Q : [*(z) = 0}.
If |A| > 0, then, since I* # 0, one also has |2\ A| > 0. From (1 — m)KI* = ~I*, we have KI* =0
a.e. on A, and therefore

0= / KI*(z)da = / r(y) (/ Kz, y) d:c) dy.
A o\A A
Since I* > 0 a.e. on Q2 \ A, it follows that
/ k(x,y)dz =0 for a.e. y € 2\ A,
A

which contradicts assumption (K2) applied to Q \ A. Hence I'* > 0 a.e. on .
Now, by (H3), KI* € C(2). Moreover, for every z € €,

KI*(z) > /Q k(z, y)I* () dy > 0,

where the last inequality follows from (H1) and I* > 0 a.e. on .. Consequently,

1—-m
v(2)

I(x) = KI*(z) >0 on Q..

Since I* is continuous on the compact set €., we obtain

az = minI* > 0.
Q

£

Let 0 < n < e. Define u, := 1q, I, v, := ]_Q%I*, so that I = w, + v,. Since L,,I* = 0 and
I'* = uy, + vy, we have (1 — m)K (uy + vy) = I'uy + I'vyy. Therefore

Tu, = (1 —m)Kuy, + (1 —m)Kv, — Ty,
Let m’ < m, using the definition of L,,, we obtain

Lyyuy = (1 —m')Ku, — Tu,
= (m —m')Ku, — (1 — m)Kv, + v,
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On €, one has v, = 0, hence I'v, = 0. Consequently,
Ly = (m —m')Ku, — (1 —m)Kv, a.e. on {2,.
For all z € Q,
Kuy@) = [ k@)l (W)dy = a. | ka,y)dy,

hence Kuy(z) > acc. where c. := infieq [ k(z,y)dy > 0 by (H1).
Let R > 0 and define I := min(/*, R). Then

K, :K(lﬂ%(j* —IR)) +K(1Q%IR).

USil’lg k € Loo, we have HK(I* — IR)HLOO < HkHLooHI* — IRHLl ﬁ 0, and HK(]_Q%IR)HLOO <
—r+00
C 3 & :
R|[k|| Lo [€25]. Since [€27] 71——7()_) 0 by (H2), we obtain || Kvy|| 77——70_) 0.
Choose n small so that (1—m) || Kvy | e < 3(m—m/)acc.. Then Lyyu, > 2(m—m')acc. on €,
and L, u, > 0 elsewhere. Hence

Lm’un > 77819,77 Ne = %(m - ml)aeca-
Since v > n on ), uy(x) < 1_TmHKI*HLoo, so upy < M1q, with M := 1_TmHKI*HLoo. Thus
Lyyruy > oy, a:=7>0.

Assume by contradiction that s(L,,) < a. Then (ol — L,,) is invertible and its resolvent
R(a, Lyy) = (al — Lyy)~! is a positive operator. From L, u, > au,, we have (ol — Ly )u, < 0.
Applying the positive operator R(c, Ly, ) yields u, < 0, which contradicts u, > a.1o. > 0 on the
set (1.

Therefore

$(Lyy) > a > 0.

O

Corollary 2.17 (Singular eigenmeasures on the spectral plateau). Assume the hypotheses of Propo-
sition 2.16. Recall my = min{m € (—oo0,1] : V1 > m' > m, s(L,y) = 0}. Then for every
m € (my, 1], any positive eigenmeasure p,, € My (Q)\ {0} satisfying Lypim = 0 has a non-zero
singular part with respect to the Lebesgue measure.

Proof. Let m € (my,1), and let p,, € My (Q) \ {0} satisfy Lp,py, = 0. Assume by contradiction
that p,, is absolutely continuous with respect to the Lebesgue measure. Then there exists I, €
LY () \ {0} such that

tm (dx) = I () dx.

Since Ly ftm = 0 in the sense of measures, we obtain L, I, = 0 in L(Q).
By Proposition 2.16, applied to the non-zero nonnegative eigenfunction I,,,, we have s(L,,) > 0
for every m’ < m. Since m, < m, we may take m’ = my, and we obtain

$(Lm,) > 0.

However, by the definition of m, recalled in the statement, the infimum is attained and s(L;,,) = 0
This is a contradiction. Finally, the case m =1 is trivial. O

22



Remark 2.18 (Shift by the bottom of the recovery rate). The two previous results have been stated
in the singular case v = 0, in order to simplify the notation and to emphasize the relation with the
plateau s(L,,) = 0. However, the same arguments apply when ~ > 0, after shifting the recovery
rate by its minimum. B

More precisely, one replaces v by

7::7_1a

and studies

Lyp:=Lp+~v=(1-m)K—(y—7).

Then N
5(Lm) = s(Lm) + 7.

Therefore the level 0 for Ly, corresponds exactly to the level —v for L,,. In particular, the preceding
arguments remain valid with the substitutions

7o oy= 8Lm) =0 ~ s(Lm) =7

Thus the same conclusions hold for the plateau at the bottom of the essential spectrum.

Definition 2.19 (Incoming flux into the zero-recovery set). We define the incoming flux coefficient
towards Z by

Cz(y) := /Zk(ac,y) dz, y € Q.

Proposition 2.20 (No incoming flux on the zero-recovery set). Let 1 be an endemic measure with
mass m := pu(2) € (0,1). Then p, =0 a.e. on Z, or equivalently,

/ Cz(y) u(dy) = 0.
Q

In particular,
/L({CZ > 0}) =0.

Consequently, if Cz > 0 on ), then no endemic measure with mass in (0,1) exists. In particular,
this conclusion holds whenever Z contains a nonempty open subset because of Assumption (K3).

Proof. Recall p,(x) := [, k(x,y) p(dy). Since p is an endemic measure, it satisfies (1 —m)Kp =T'p
in the sense of measures. By definition of p,, this reads

(1 —m)pu(x) de = v(x) p(dx).

Let A C Z be Borel. Since v = 0 on Z, we obtain (1 —m) [, pu(z)dz = [, v(x)p(dz) = 0. As
m < 1, this gives [, pu(x)dz = 0 for every Borel set A C Z. Hence p, =0 a.e. on Z.
Integrating over Z and using Tonelli’s theorem, we get

0= [ pua)ds = [ [ ka.y)utdy) de = [ Caty) utay).

Since Cz > 0, it follows that Cz = 0 p-almost everywhere, that is, u({Cz > 0}) = 0.
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If Cz > 0 on €, then the previous identity forces p(€2) = 0, which contradicts m > 0. Hence no
endemic measure with mass in (0, 1) exists.

Finally, assume that Z contains a nonempty open subset A. By assumption (K3), [, k(z,y) dz >
0 for every y € ). Since A C Z, we have

Cz(y) = /Zk:(x,y) dx > /A k(x,y)dzr >0 for every y € ).

Thus Cz > 0 on €, and the conclusion follows from the previous paragraph. O

Remark 2.21. The previous proposition does not imply that the absolutely continuous part of u
vanishes on Z. If |Z| > 0, the absolutely continuous part may still charge Z. What the stationarity
equation imposes is instead the absence of incoming infectious flux into the zero-recovery region:

Kpu=0 ae. onZ.

Equivalently, the equilibrium measure can only charge strains y for which the total transmission
towards Z vanishes, namely

Cz(y) = /Zk(af,y) dz = 0.

Proposition 2.22 (Explicit endemic measures in the singular House-of-Cards case). Assume that
the kernel is of House-of-Cards type,

k(z,y) = Q(x),
with @ > 0, and that
veCQ), ~y=0, Z={0}

Assume moreover that
1<p:= Q) dr < +00.
av(o} v(x)

Then my, =1 — %, and, for every m € [my, 1], the endemic equilibrium measure with total mass m
is uniquely given by

Q(z)
(@)
Proof. Let p € M4 () \ {0} be an endemic equilibrium measure with mass m = u(2). Since
k(z,y) = Q(x), Ku(x) = mQ(x), and the stationary equation becomes

m(l = m)Q(x) de = y(x)u(dx).

tm(dz) = m(1 —m) dz +m(1 — p(1 —m))dp(dx).

Hence, on 2\ {0},

u(dz) = m(1 —m) f’f(()’

while the part supported on {0} is not constrained by the stationary equation (Theorem 1.6).
Therefore
Q(z)

v(z)

dx,

u(dz) = m(1 —m)

The mass constraint yields

B = m — pm(l = m) = m(1 = p(1 — m)).

Thus £, > 0 if and only if m > 1 — %. This proves both the expression of m, and the claimed
characterization of the endemic equilibrium measures. O
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Remark 2.23. At m = my, the singular part vanishes, so that

Q(x)
v(x)

tm, (dz) = mu (1 —my) dz,

whereas p1 = dp. Moreover,
() = pm(l—m),  pENEQ) = m — pm(1 — m).

In particular, the singular mass increases strictly from 0 to 1 as m varies from my to 1.

Remark 2.24. The absolutely continuous mass

125(9) = pm(1—m)

is maximal at m = 1/2. Hence, along the plateau [m,, 1], it is non-monotone whenever m, < 1/2,
equivalently 1 < p < 2, and it is decreasing when p > 2. In contrast, the singular mass is always
strictly increasing on [my, 1].

3 The evolution equation

We now turn to the study of the time evolution of the infected population. Throughout this
section, we consider the strain-structured SIS model introduced above and focus on the associated
nonlinear dynamics. The density of infected individuals I(¢,x) evolves according to the following
integro-differential equation:

51t2) = 5() [ k)Tt 9)dy—1@)1(t.) 3

Proposition 3.1 (Local Existence and Uniqueness in L'). Under hypotheses (K1) and (T'1), for
any initial profile Iy € Ll(Q), there exists a maximal time Ty > 0 and a unique solution I €
CH([0, Thnaz); L' () to equation (3).

Proof. We reformulate the problem as an abstract ordinary differential equation in the Banach
space E = L1(Q):
& =F(), 1(0)=Io,

where the operator I : L'(Q) — L'(€) is defined by:
F(f)= (1- [ rz) K(p -1+,

1. F is locally Lipschitz. Let f,g € L'(Q) and define ¢(f) = [ f(z)dz. We estimate the
difference in the L' norm:

F(f)=F(g)=QQ—=9(f)K(f —g)+ (¥(g) —(f)K(g) —T(f —9).

Using the boundedness of K and the boundedness of the multiplication by «, we obtain:

IE) = (@)l <1 =N 1K = g)ller +[9(9) = (DI - 1K (@)l + T = gl
< (1 =N+ 1K Ngllze + ) 1 = gllr-
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Consider a bounded ball Bg = {h € L*(Q) : ||h||;2 < R}. For any f,g € Bg, the terms |1 — ¥(f)]
and ||g||;1 are bounded. Therefore, there exists a constant Cr depending on R such that:

IE(f) = F(@)ller < CrIlf =gl

Consequently, the operator F is locally Lipschitz on L(£2).
2. Conclusion. The Cauchy-Lipschitz theorem for Banach spaces guarantees the existence and
uniqueness of a maximal solution I € C*([0, Thnaz); L*(92)). O

The local well-posedness established in Proposition 3.1 ensures that solutions exist and are
unique in a short time frame, a crucial first step for further dynamical studies. To extend this
globally and analyze stability, we must first verify the non-negativity of I(¢,z), which aligns with
the biological interpretation of densities as positive quantities.

Notation 3.2. We define:

t* :=sup{7 € [0, Trnaz) | Vt € [0,7],m(t) < 1}.

Proposition 3.3 (Preservation of non-negativity). Let Iy € L'(Q) satisfy Iy > 0 a.e. in Q, with
m(0) = / Io(z) dz € [0,1],
Q

and let I € CY([0, Timax); L' (2)) be the corresponding solution of (3). Then t* > 0, and, for every
te0,t%),
I(t,x) >0 for a.e. x € €.

Proof. We first check that t* > 0. If m(0) < 1, this follows directly from the continuity of m.
Assume now that m(0) = 1. Since Iy > 0,

m'(0) = —/ny(x)fg(a:) dx <O0.

If the inequality is strict, then m(t) < 1 for all sufficiently small ¢ > 0. If instead

[ 7@ (@) dz=o,
Q

then vIp = 0 a.e. Since m(0) = 1, the right-hand side of (3) vanishes at Iy, so I(t) = I is a solution.
By uniqueness, it is the corresponding solution, and hence m(¢) = 1. Thus ¢t* > 0 in all cases.
We now prove non-negativity on [0,¢*), where S(t) = 1 — m(t) > 0. Recall the notation

x_ = max{—uz,0}.

For € > 0, consider the convex C'-regularization

€
e < _
z—g, T
22
Oo(z) = ¢ =, —e<z <0,
2¢e
0, x> 0.
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Then ®. — x_ uniformly as € — 0, and
-1 <®l(z) <0, ® (x) =0 forx>0.

In particular, 0 < 2®.(z) < z_.
Set

E.(t) = /Q . (I(t, ) da.

Differentiating along solutions yields
d /
Le(t) = / O (1)[S(HKI — 1] dz.
dt Q
Since v > 0 and I®.(I) > 0, the recovery term is non-positive. Moreover, by Fubini,

| etnnds = [ 16) ([ ko) ds ) dy

Since k > 0 and —1 < ®. < 0, the contribution of the set {I(y) > 0} is non-positive, whereas on
{I(y) <0},
1) | ke )L @) de < 1 )k(3) |-

Therefore,
[ eDEDdn <F [ 1)y, = sup k(o)
Q Q yeN

Since S(t) > 0 on [0,t*),
d

dt
Moreover, Iy > 0 implies £ (0) = 0. Integrating in time and letting ¢ — 0 gives

£.(t) < RSO (1)1

-l < F [ SOl dr

Gronwall’s lemma then yields
[1-(@)llzr =0,  te0,t7),

which proves the claim. ]

Proposition 3.4. Assume that m(0) € [0,1) and Iy € LY (Q). Then m € C'([0, Tyax)) and
0<m(t) <1, for all t € [0, Timax)-

Moreover, Tia.x = +00.

Proof. Since I € CY([0, Tiax); L'(Q2)), the map m is of class C!, with

m' () = (1= m(®) |

Q(KI)(t,x) dx —/ y(x)I(t, x)dz.

Q
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By Proposition 3.3, I(t,-) > 0 for t < t*, and therefore m(t) > 0. Moreover, for ¢t < t*, since
1—m(t) >0,

m'() < (1=m(t) | [ klep)Ity)dyde < (1= m(©)Em().

Comparison with the logistic equation yields

m(t) < m(O)eB

< — <1, for 0<t<th.
1 —m(0) + m(0)ekt

In particular, m cannot reach 1 at any finite time. By the definition of t* and the continuity of m,
this implies t* = Tipax. Hence 0 < m(t) < 1 for all ¢ < Tiax.

Since I(t,-) > 0 on [0, Tinax), [[1(t, )|l 11(q) = m(t) < 1. Thus the L'-norm of the solution remains
bounded on every bounded time interval. The blow-up alternative for the local solution therefore
excludes Tinax < +00, and we conclude that Ty« = +00. ]

Proposition 3.5 (Convergence to Disease-Free Equilibrium when s(Lg) < 0). In the case where
—y < s(Lo) <0, we have:

m(t) 24000 and the convergence rate is exponential.

Proof. Introduce the function Q(t) = (®,1(t)) = [, ®(2)I(t,z) dz, where ® is the positive eigen-
function of Ljj associated with the eigenvalue s(Lg) (given by Theorem 6.7). The derivative of Q(t)
is obtained as follows:

GQ) = (®, Ly I(1)) < (D, LoI (1)) = s(Lo)Q(1).

Lo)t t—o00

By direct application of Grénwall’s lemma, we obtain: Q(t) < Q(0)e*( —— 0. Thus, Q(t) —

0, and since:
Q(t) > &m(t) where & = min{®(z) | z € Q} > 0,

s(Lg) . .
we have : m(t) < W and the convergence rate is exponential. O

Proposition 3.6. Suppose that s(Lo) = —y < 0. Then, for every initial condition Iy € L% () with

m(0) € [0,1), the corresponding solution I(t) converges exponentially fast to zero.

Proof. For § > 1, we have Li_g = 0K —I'. Since s(Lg) = —y < 0 and the map 0 — s(L;_g) is
continuous, Proposition 2.3 ensures that there exists 6 > 1 such that —y < s(Lj_¢-) < 0. By
Theorem 6.7, there exists a strictly positive dual eigenfunction ®;_g- € L3°(€) such that

Liie*@lfg* = S(Llfg*)q)lfg*, @1,9* >c> 0.

Define the functional Q(t) := (®1_g«, I(t)). Since m(t) > 0 and 1 —60* < 0, we have the operator
comparison L, < K —T' < Ly_g+. Differentiating Q(¢) and using the positivity of ®; ¢« gives

LQ(t) = (P1_g+, Ly [(t)) < (P1_g+, L1—g+I(t)) = s(L1--)Q(2).

An application of Grénwall’s lemma yields Q(t) < Q(0)e*F1-0+)t, Since ®;_g- is bounded below by
a positive constant, we have ||I1(t)||;1 < ¢~ 'Q(t), which proves the exponential decay of I(t). O
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Proposition 3.7 (Algebraic decay in the critical case). Assume that s(Lg) = 0 and that v > 0.
Then, for every non-negative initial condition Iy € L*(), with m(0) € [0, 1], the solution satisfies

m(t) = 1)L = O (%) as t — +oo.

Proof. The zero solution being trivial, assume Iy Z 0 and let ® € C(Q2) denote the strictly positive
eigenfunction of the dual operator L associated with the eigenvalue 0, that is, Li® = K*®—-I'® = 0.
Recall the functional Q(t) := (®,I1(t)) = [ ®(x)I(t,z) dx. Differentiating Q(t) with respect to time
and using the main equation, we obtain:

FQ() = (@, (1 —m(t))KI(t) - TI(t))
— (B, KI(t)) — m(t)(®, KI(t)) — (®,TI(t))
= (K*® — T®, I(t)) —m(t)(®, KI(t))
=0
= —m(t)(K*®, I(¢)).

To estimate the term on the right-hand side, set ¥ := K*®. Since L§® = 0, we have ¥ = K*® =
I'® = v®. Hence, using v > 0 and the strict positivity of ®,

= mi > i .
Cy min U(z) > 7 min O(z) >0

We can therefore bound the inner product as follows:

(KD, I(1)) = /

U(2)I(t, 2)dz > Cy / I(t, ) dx = Cy m(t).
Q Q

Substituting this into the derivative of Q(t) yields the differential inequality:
#Q() < ~Cuy(m(t))” (4
Finally, we relate m(t) back to Q(¢). Let ® := max,cq ®(z) and ® := mingeq ®(z). Then Q(t) <

@ m(t), which implies m(t) > %. Injecting this into (4) gives:

~—

4Q(1) <~ Z5(QM)*

Integrating this differential inequality yields Q(t) < ﬁ Finally, since m(t) < ®71Q(t), we

ORaeIO]

1 _of1L
L. o(3)

conclude that
m(t) <

=

which completes the proof.
O

Remark 3.8. The previous argument relies on the uniform positivity of the recovery rate. When
7 =0 and s(Lg) = 0, the long-time behavior is not determined by the present analysis and remains
an open question.
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Proposition 3.9 (Persistence of the epidemic when s(Lg) > 0). Assume that s(Lg) > 0. Then, for
any non-trivial solution I(t), the total infected mass satisfies

lim inf m(t) > 0.
t——+o00

Proof. Let ® € C(Q), ® # 0 be a positive eigenfunction of the dual operator L{ associated with
the principal eigenvalue s(Lg), and recall Q(t) := (®,I(t)).
By positivity and continuity of ® on the compact set €2, there exist constants

O<Q§<I)(x)§6<+oo for all z € Q,

so that @m(t) < Q(t) < ®m(t).
Using the decomposition L,y = Lo — m(t)K and the fact that Ly® = s(Lo)®, we compute

FQ) = (@, Ly (1)) = s(Lo)Q(t) — m(t)(®, KI(t)).
Let ¥(y) = K*®(y). We have 0 < ¢(y) < ®.k < +oo. It follows that
(O, KI(t / Wy dy < ®km(t).

Therefore, o
2Q(t) = s(Lo)Q(t) — B.Fm(t)%.
We obtain the global differential inequality

4Qt) > s(Lo)Q(t) — E Q)2 for all t >0, (5)

Q(t) is actually a super solution of the logistic equation. Consequently, by Proposition 6.3 one has:

t) > ¢ ith .= 225(Lo)
Qt) > 1+(Cg?(%()0))e—s@o>t wi Tk
Which implies:
lim inf Q(t) = Iim (5 ())) o 70
Using Q(t) < ®m(t), we conclude that lim inf;_, o m(t) > (LO) LA 0, which proves the persistence
of the epidemic. O

Proposition 3.10. Assume that v > 0 and that s(Lg) > 0. Then there exists a unique m* € (0, 1)
such that s(Ly+) = 0, and for any nontrivial solution I(t) (that is, m(0) € (0,1)), one has

liminf |m(t) — m*| = 0.
t—00

Proof. Since v > 0 and s(Ly,+) = 0, Proposition 2.8 ensures that there exists 6 > 0 such that
m — s(Ly,) is strictly decreasing on (m* — 8, m* + 4), and for each m in this interval, the adjoint
operator L} admits a continuous strictly positive eigenfunction ®,,

Assume by contradiction that

lim inf |m(t) — m™*| > 0.
t—o00
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Then there exist n € (0,0) and T' > 0 such that either
m(t) <m_:=m"—n Vt>T, or m(t) >my:=m"+n Vt>T.

Let m+ denote either of these two values. In both cases, writing L,y = L. + (m+ —m(t))K,
and defining H4 (t) := (P, [(t)), we obtain

L (1) = 5(Lna ) Ha(8) + (ma — m(0) (@, KT(1).
Since K > 0, I(t) > 0 and ®,,, > 0, we have (®,,,,KI(t)) > 0, hence
H (1) > S(Lo VH (1), SH, (1) < 5(Ln, )L (1),

Because s(Ly,_) > 0 and H_(T) > 0, we deduce that H_(t) — +oo, while H_(t) < |[|®,,_ ||z,
a contradiction. Similarly, since s(L;,,) < 0, we obtain H(t) — 0, while

Hi(t) > ®p,m(t) > @pp,my >0,

again a contradiction.
Therefore, for every n € (0,d) and every T' > 0, there exists ¢ > T such that |m(t) — m*| < n,
which yields

liminf |m(t) — m*| = 0.
t—o0

O]

Lyapunov functionals of Volterra type and positive operator methods have been used to establish
global stability of endemic equilibria in infinite-dimensional epidemic models; see Thieme [38]. In
our setting, the following proposition establishes convergence to the endemic equilibrium under an
additional balanced transmission condition.

Proposition 3.11 (Convergence under a balanced transmission condition). Assume that v > 0,

Ry > 1, and that
k
/ (,y) dx = Ry, y € Q.
o ()
Let I* denote the unique endemic equilibrium and set

1
m* = [ I"(2)dex =1— —.
| r@ i

Let Iy € L () \ {0} satisfy 0 < m(0) < 1 and V(Iy) < +o0, where

V(I) ::/ I*(x)h(f(x)>dac, h(z):=2—1—logz.

o y(z)  \I*(z)
. . . t—+o00 * t—+00 7«
Then the corresponding solution satisfies m(t) ———— m™*. Moreover, I(t,-) W I*.

Proof. Since [, ky&)) dx = Ry, the function ®(z) := ﬁ satisfies K*® = Ry. As 1 —m* = R%)’ we
obtain
LE.®=(1—m")K*® —Td =0,
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Moreover, the endemic equilibrium satisfies RLOK I* =TI*. Define q(z,y) := Rio ky(a(qu;) I*(y). The

assumption on k gives [ q(z,y)dx = I*(y), while the equilibrium equation gives [, q(z,y)dy =
I*(x). Hence

/Qz q(z,y) dx dy = m™.

Set z(t,x) = g(f(i)) and a(t) := Ro(1 —m(t)). Differentiating V along the solution, we obtain

d 1 1
SV(I() = /Q = (1 - x>) 01 (k) dx
=wq@«mmwwﬁ—w;gmw
-, I"(x)(2(t,z) — 1) d.

Using the marginal identities for ¢, this becomes

d

5 U(®) = a(t)(m(t) = D(t)) — (m(t) —m"),

where

D(t) := /m q(x,y)z%ii dx dy.

Since ¢/m* is a probability measure on 92, Jensen’s inequality gives

D
by _ / U0 e (l0g 2 (1) — log =(¢.2)) dardy
m Q2 m

1
> exp <m* /Q2 q(z,y)(log z(t,y) — log z(t, z)) dx dy) .
The two marginals of ¢ are both equal to I*, hence the exponent vanishes. Therefore D(t) > m*.

Consequently,
d

ZVU(1) < a(t)(m(t) —m") — (m(t) —m”)
= (Ro(1 — m(t)) — 1) (m(t) — m*)
= —Ro(m(t) — m*)2.

Since V > 0, it follows that

V(o)
R

+00
/ (m(t) — m*)2 dt <
0 0

< 400
On the other hand,
m/(t) = (1 — m(t))/ KI(t,z)de — / (@) I(t,z) de,
Q Q

and, since 0 < m(t) < 1, |m/(t)] < k+7% < +oco. Thus m is uniformly continuous on R, . Since
m —m* € L*(R,), Barbalat’s lemma yields

m(t) — m”*.
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It remains to prove the convergence of the whole profile. Since y > 0, one has s(Ly,+) =0 > —.
Moreover, since K is compact, 0 is isolated from the essential spectrum. Proposition 2.7 shows that

ker Ly,» = span{I*}.

Let ® > 0 satisfy L} .® = 0, normalized so that (®,I*) = 1. If there existed a generalized
eigenvector u such that L,,»u = I'*, then

1= (®,1") = (L% ®,u) = 0,

which is impossible. Hence 0 is algebraically simple.
It remains to exclude non-zero spectral values on the imaginary axis. Assume that

Ly f =itf, T #0.

Then (y+i7)f = (1 — m*)K f, and therefore

VY + T2 fl < (1 =m")KLf].

Pairing with ® and using (1 — m*)K*® = y®, we obtain

[ @+ e@ls@de < [ @)@ de,

which is impossible since 7 # 0, ® > 0, and f # 0. Thus 0 is the only spectral value of L,,» on the
imaginary axis.

Since Ly~ is bounded and the remainder of its spectrum is contained in {z € C : Rez < —w}
for some w > 0, the spectral mapping theorem yields

I (I = P)|| gty < Ce™**.

The projection P has rank one and satisfies Ran(P) = span{/*}.
Since Ly, ) = Lm+ + (m* — m(t)) K, Duhamel’s formula gives

I(t) = ebm Iy + /Ot U= m= (m* —m(s))KI(s) ds.
Applying I — P, we obtain
I(I = P)I(t)|| 11 < Ce™||(I = P) o]
+ K] /Ot e U m(s) — m*||1(s)|| 1 ds.
Since [[1(s)]z: = m(s)

<
(I — P)I(t) — 0in L'(9).
Writing PI(t) = «o(t)*, we have

1 and m(s) — m*, the convolution term tends to zero. Therefore

m(t) = a(t)ym” + /Q (I = P)I(t,z) dz.

Since m(t) — m* and (I — P)I(t) — 0 in L*(Q), it follows that a(t) — 1. Consequently,

I(t,) — I* in LY(Q).

33



A further convergence criterion is obtained when the total transmission rate is proportional to
the recovery rate. The convergence of the total infected mass follows from the bounds on individual
carrying capacities established in [1, Theorem 3.2].

Proposition 3.12 (Convergence for a constant ratio §/v). Under the standing assumptions on k
and vy, assume that v > 0 and that, for some C' > 1,

Bly) = /Qk(x,y) dr = Cy(y), ye

Then Ro = C. For every Iy € LY (Q)\ {0} with 0 < m(0) < 1, the corresponding solution satisfies

1
m(t) — m* ::1—5, 11(t,-) = Il — 0 as t — 400,

where I* is the unique endemic equilibrium.

Proof. Since N*1 = C1, the Collatz—Wielandt inequalities yield Rg = r(N) = C.
Integrating the evolution equation gives

m'(t) = (C(1 — m(#)) — 1) /Q (@) I(t, ) dz = C(m* — m(t)) /Q (@) I(t, ) da.

Thus m is monotone and remains between m(0) and m*. Moreover, [, v(z)I(t, z) dz > vmin{m(0), m*} >
0, which implies m(t) — m*. B

Finally, the spectral-gap argument in the last part of the proof of Proposition 3.11 only requires
uniformly positive recovery and convergence of the mass to m™*. It therefore applies here and gives
I(t,") — I* in L1(9). O

Remark 3.13. The condition 5/ = C' involves the recovery rate y(y) of the infecting strain, while
the balanced transmission condition involves v(x), the recovery rate of the newly infected strain.
These conditions do not imply one another in general and coincide when -y is constant. The present
proposition also requires no finite initial entropy assumption.

We now show that such an additional structure is genuinely needed: under the general assump-
tions of the model, the unique endemic equilibrium may be unstable.

Proposition 3.14 (An unstable endemic equilibrium). There exists a reqular supercritical model
satisfying (K1)—(K3) and (I'l) whose unique endemic equilibrium is unstable. In particular, global
convergence towards the endemic equilibrium fails, and there exist solutions for which the total
infected mass does not converge to m*.

Proof. Let
o=, Q; = [2i —2,2i — 1],
and, for x € ; and y € Q;, set k(x,y) = a;; and y(z) = ~;, where

(71,72, 73,72) = (20,15,0.2,0.2)

and
10 ¢ € 0.1
01 20 ¢ =« _
A = (aij) = c 0.5 ¢ c s =10 3.
e e b ¢
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Since the connected components €2; are disjoint, v is continuous on €, with v = 0.2, while k is
strictly positive and the associated operator K has finite rank. Hence the assumptions of the

regular framework are satisfied.
For
Mi(t) = [ I(ta)de, M= (M, M)
Q;

the dynamics reduces exactly to
M=(1-1"M)AM —TM, I' = diag(20,15,0.2,0.2).
Moreover,
Ro=7r(T"tA) ~1.33750 > 1,

so that the continuous model admits a unique endemic equilibrium. Its total mass is

1
*=1- — ~0.25234.
m Ry

The Jacobian of the reduced system at the corresponding equilibrium M* is
J=(1-mA-T — (AM")17.
A validated computation of its characteristic polynomial gives
p(A) = M4+ e\ + a9\ + ag) + aq,
with
aj € [13.1943,13.1945], ay € [8.1406, 8.1409],
as € [2.4357,2.4359], ay € [2.3584,2.3586].
The first column of the associated Routh table has signs

+7 +7 +7 ) +.

Hence, by the Routh-Hurwitz criterion, J* has exactly two eigenvalues in the open right half-plane
and two in the open left half-plane. Thus M* is a hyperbolic saddle. By the stable manifold
theorem, there exist positive initial conditions arbitrarily close to M* whose trajectories do not
converge to M*.

Since the finite-dimensional system above is an exact invariant reduction of the continuous
model, the corresponding endemic equilibrium of the continuous model is not globally attractive.

Moreover, the last part of the proof of Proposition 3.11 shows that, in the regular case, the
convergence

m(t) — m
implies
I(t,) — I* in LY(Q),

independently of the balanced transmission condition. Therefore, any trajectory which does not
converge to the endemic equilibrium cannot satisfy m(t) — m*. Thus the recurrence result

lim inf |m(t) —m*| =0
t—+o00

obtained in Proposition 3.10 cannot, in general, be strengthened to convergence of m(t).
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4 Numerical simulations

The purpose of this section is to illustrate the long-time behavior obtained in the previous sections
and to explore numerically the convergence properties that remain open in the general case. We
deliberately restrict ourselves to a small number of examples.

4.1 Numerical scheme

We take 2 = [0,1] and discretize the trait variable on a uniform grid xj,...,zx. The integral
operator is approximated by a quadrature rule, leading to the finite-dimensional system

i:(1—wTQAI—FL
where
Kij = k(zi, xj)wj, Lij = v(x:)dij,

and w denotes the vector of quadrature weights. We use the trapezoidal rule in space and the
adaptive RK45 method from scipy.integrate.solve_ivp for the time integration. The spectral
bound s(L,,) is approximated by the largest real part of the eigenvalues of the matrix (1—m)K —T.

4.2 Long-time behavior

We first consider an example for which the convergence results of Section 3 apply. Let
Vz) =1+

and
kr(xz,y) = R~(x) (1 + %cos(ch) cos(27ry)) .

This kernel genuinely depends on both variables, but satisfies

/lkmdx:R for every y € [0, 1].
o ()
Consequently, the parameter R coincides with the basic reproduction number of the model.

We consider successively R < 1, R = 1, and R > 1. In the subcritical regime, the numerical
solution exhibits the exponential extinction predicted by the theory. At the critical value R = 1,
the decay is substantially slower and is consistent with the estimate m(t) = O(¢t~!). Finally, when
R > 1, the total infected mass converges to

*:1_7
m R,

while the whole distribution I(t, -) converges towards the corresponding endemic equilibrium. These
three behaviors are illustrated in Figure 6.
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(a) Total infected mass (b) Critical regime (c) Supercritical regime
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Figure 6: Long-time dynamics when the infectious potential is constant. The subcritical, critical
and supercritical regimes illustrate, respectively, exponential extinction, the slower critical decay,
and convergence towards the endemic equilibrium.

We finally illustrate the unstable example constructed in Proposition 3.14. Since the dynamics
of the four masses is an exact reduction of the continuous model, we integrate

M=(1-1"M)AM —T'M

from the initial condition
M(0) = (0.05,0.05,0.05,0.05)T.

The resulting trajectory is shown in Figure 7. After a transient, the total infected mass exhibits
persistent numerical oscillations around the endemic mass m* ~ 0.25234, approximately between
0.20410 and 0.32025, with period 14.32.

These simulations are not used to establish the instability of the endemic equilibrium, which
follows from Proposition 3.14. They rather illustrate the type of nonconvergent dynamics that may
occur once global attractivity is lost. In particular, the observed oscillations remain consistent with

lim inf |m(t) — m*| = 0.
t—+o00

(a) Transient and sustained oscillations (b) Late-time oscillations
0.34 A
— m(t) — m(t)

0.45 A ——m" 0.32 — X
3 3 0.30
@ 0.40 - g YoV
g g
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& & 0.26
£ 0.30 - &
?g ?g 0.24 A
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= 0.251 & 0.22-
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Figure 7: Numerical dynamics for the unstable example of Proposition 3.14. Starting from equal
masses M;(0) = 0.05, the total infected mass displays sustained numerical oscillations around the
endemic mass m*. The right panel shows a late-time window.
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4.3 Concentration in the singular limit

We finally illustrate how measure-valued equilibria may arise when approaching the singular regime.
To keep the mechanism transparent, we consider the kernel

k(xz,y) =1
and a family of regularized recovery rates
Ye(@) = () +e, >0,

For each € > 0, the problem is regular and the endemic equilibrium, whenever Rg . > 1, is explicitly
given by
1 myr

, IIz) = ———,
Ro.e (@) RoeV:(T)

L dx
Roo— [
0 0 VE(x)

In order to isolate the concentration in trait space phenomenon, we plot the normalized equilibrium
profiles

*_
m; =1—

where

_ I} (z) _ 1
m; RO,E’V&(ﬁ) ’

pe(x) :

which all have unit mass.
We consider two examples. First,

1 —cos(27x)

() = —— 2=

for which the zero-recovery set is Z = {0,1}. As e decreases, the equilibrium mass becomes
increasingly concentrated near the two points of Z. Second, for

1 +sin(27z)

o(e) = 0,

one has Z = {3/4}, and the normalized equilibrium develops a single sharp peak around this point.
These computations do not establish a general singular-limit result, but they illustrate the emergence
of concentrated profiles and are consistent with the measure-valued description of endemic equilibria
obtained in Section 2.3.

(@)z={0,1} (b) Z={3/4}
100 — £=0.1 100 =—— £=0.1
£=0.01 £=0.01
- £=0.001 - £=0.001
8ol — £=0.0001 g0l — £=0.0001
60 60
X X
g g
40 401
20 20 |
:
4 A
%.0 0.2 0.4 0.6 0.8 1.0 %.0 0.2 0.4 0.6 0.8 1.0
X X

Figure 8: Concentration of the normalized endemic profiles p. = I7/m} as the recovery rate ap-
proaches the singular regime. Left: Z ={0,1}. Right: Z = {3/4}.
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5 Conclusion

In this paper, we have studied the spectral structure and long-time dynamics of a strain-structured
SIS model in which transmission and mutation are described by a nonlocal kernel. The family of
operators L,, = (1 — m)K — I provides a common framework for the epidemic threshold and the
characterization of endemic states.

The spectral bound s(Lg) determines the main dynamical regimes. In the regular case, its sign
is characterized by the classical next-generation operator. In the singular case v = 0, we introduced
the generalized quantity

: -1
R047§%T<KXAI+IU ).

and proved that s(Lg) > 0 if and only if Ry > 1, whereas Ry < 1 corresponds to s(Lg) = 0.

At the nonlinear level, we established exponential extinction when s(Lg) < 0, the estimate
m(t) = O(t!) in the regular critical case, and uniform persistence when s(Lg) > 0. In the regular
supercritical regime, there is a unique endemic equilibrium, and the total infected mass satisfies
liminf;, o |m(t) — m*| = 0. Under the additional balanced transmission condition

/kmwhmzn@ yeQ,
o v(z)

we proved convergence of both the total mass and the infected profile:
m(t) — m”*, I(t,") — I* in LY(Q).

We also constructed a regular supercritical example satisfying the general assumptions in which
the unique endemic equilibrium is unstable. This rules out a general convergence theorem for the
infected mass and profile under these assumptions alone. Numerical simulations of this example
display sustained oscillations of the total infected mass. Thus uniqueness of the endemic equilib-
rium does not imply global attractivity, and the recurrence property of m(t) is compatible with
nonconvergent dynamics.

In the singular case, endemic equilibria are naturally described as positive Radon measures. We
showed that their singular components must be supported on the zero-recovery set Z = {x € Q2 :
~v(x) = 0}, and derived criteria determining whether an equilibrium may or must charge this set.
The possible appearance of a critical spectral plateau and singular endemic states distinguishes this
regime from uniformly positive recovery.

Further questions therefore concern broader structural conditions ensuring convergence, as well
as the existence, stability, and bifurcations of periodic solutions. In the singular regime, important
directions include the critical dynamics and the selection of endemic measures, together with their
relation to the spectral plateau and concentration on Z. Extending the analysis to non-compact
trait spaces would also require addressing the possible loss of compactness and escape of mass.

6 Appendix

This appendix gathers several technical results and complementary arguments used throughout the
paper. They are included here in order to keep the main text focused on the principal ideas and
results.
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Definition 6.1 (Function of type K). Let f: R x D — R™, where D is an open subset of R", and
write f = (f1,..., fn). The function f is said to be of type K in D if, for each index i, for all t € R
and all a,b € D such that

a<b and a; =b;,

one has

filt,a) < fi(t,b).
Remark 6.2. In the one-dimensional case (n = 1), this condition is automatically satisfied, since
a < band a; = by imply a = b.

This notion allows comparing solutions of the differential system

= f(t,z)
with sub- and supersolutions satisfying the corresponding differential inequalities.

The following useful result is taken from [36, Theorem B.1, p261]

Proposition 6.3. Let f : Rx D — R™ be continuous and of type K, where D C R"™ is open. Assume
that the initial value problems associated with ¥’ = f(t,z) have unique local solutions. Let z(-) be a
solution of

2 = f(t,x)
defined on [a,b].
If z : [a,b] — R™ is continuous on [a,b], differentiable on (a,b), satisfies

Z(t) < f(t2(t)  on (a,b),
and z(a) < z(a), then z(t) < z(t) for all t € [a,b].

The analogous statement holds for the reverse inequality >.

We also need spectral analysis results about positive operator. First we recall the following
standard result, see [[35], Chap 6, Theorem 1.10 and Corollary 1.11].

Proposition 6.4. Let E be a Banach lattice and let A be the gemerator of a positive strongly
continuous semigroup (T'(t))i>0. Let B € L(E) be a positive operator (B > 0).
Then the following assertions hold:

(i) (Spectral Bound Property) If s(A) > —oo, then the spectral bound belongs to the spectrum,
i.e., s(A) € o(A).

(i1) (Domination of Semigroups) The operator A + B generates a positive strongly continuous
semigroup (S(t))e>0 such that

0<T(t) <S(t) for allt > 0.
(7ii) (Monotonicity of Spectral Bound) The spectral bound increases under positive perturbation:
s(A) < s(A+ B).
Moreover, for all X\ > s(A+ B), the resolvents satisfy the inequality:

0 < R(A\,A) < R(\, A+ B).
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Proposition 6.5. Let (X, X, u) be a o-finite measure space and let E := LP(u), with 1 < p < 400.
Let T € L(E) be a positive kernel operator of the form

Tf(@) = | K(wp)f(0) duty).

where K > 0 is (X x X)-measurable.
Recall that T is said to be irreducible if the only closed ideals of LP(u) invariant under T are
{0} and LP(u). Equivalently, there is no measurable set S € ¥ with

p(S) >0,  p(X\S) >0,
such that
T(LP(S)) C LP(S).
Then T is irreducible if and only if

/X\s (/g K(z,y) du(.y)) dpu() > 0

for every measurable set S € X satisfying
u(S) >0,  p(X\S)>0.
This characterization is classical; see, for instance, Schaefer [35, Chapter V, Example 1.4].

We review a Krein-Rutman theorem from [35, Chapter V - Theorem 6.6]. We present hereafter
two versions of the Krein-Rutman theorem, specifically adapted to the framework of operators
generating positive semigroups in L'. For modern expositions and extensions of these spectral
properties in the context of population dynamics, we refer to [22].

Theorem 6.6. Let E := LP(u), where 1 < p < 400, and (X,X, 1) is a o-finite measure space.
Suppose T € L(E) is an operator given by a (X x X)-measurable kernel K > 0, satisfying the
following two assumptions: T is power compact and irreducible.

Thenr(T) > 0 is an eigenvalue of T with a unique normalized eigenfunction f satisfying f(s) > 0
a.e. (u). Moreover, if K(s,t) > 0 a.e. (u®pu), then every other eigenvalue A of T satisfies |\ < r(T).

Theorem 6.7 (Krein-Rutman in L'). Let £L = K — G on LY(X), where K is positive, compact
and irreducible, —G bounded and resolvent positive with s(—G) < s(L£) < +oo. Then s(L) is an
etgenvalue of L. There exist

IeLl(X), I>0ae, ® e LT(X),

such that
LI =s(L)], L = s(L)P,
with normalization (®,I) = 1.
Proof. By positivity of the semigroup, s(£) € o(L£). Let A\, | s(£) and choose g, > 0, ||gn|lr1 <1,
such that

U 1= R(An,L)gn
T IR(An,L)gnll
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satisfies ||u,||z1 =1 and u, > 0.
From the resolvent equation,

Up, = K, Un + M, Ky, == (MI+G)7IK,

with 1, — 0 in L'. Since K, — K in operator norm and (u,) is bounded in L%,

K tn = Ksunll L1 < [, — ICSHE(Ll)Hun”Ll — 0.

As K is compact, (KCsuy,) is relatively compact in L'; hence so is (KCy, u,). Hence (uy,) is also
relatively compact, and up to extraction,

Up, — hp In Ll,

with hg > 0 and HhOHLI = 1.
Since A +— (A + G)~! is continuous in operator norm, we have

IC)\n — K:S(E) in E(Ll(Q))
Passing to the limit in
Unp = IC)\nun + M,

we obtain

hence Lhy = s(L)hg. By irreducibility, hg > 0 a.e.
The dual eigenfunction is obtained similarly by weak-* compactness in L*°. Normalizing the
approximating eigenfunctions so that (®,,, hg) = 1, and passing to the weak-* limit yields

<(I)7h0> = 17
hence ¢ # 0. Moreover,
L5 = s(L)D.
O

Theorem 6.8 (Positive eigenmeasure associated with the L'-spectral bound). Let @ C R? be
compact with positive Lebesque measure. Assume that k > 0 satisfies (K1) and that v satisfies (I'1).
Define

Kf@) = [ bap)f@dy,  Tf@)=1@)f@)

and let s .= sp1(K —T).
Then there exists a positive finite Radon measure pn € M4 () such that p(Q) =1 and

Ku—-Tu=su

in the sense of measures.
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Proof. Set L := K —T'. Since L generates a positive semigroup, s € o(L) and R(\, L) > 0 for every
A > s. Choose A\, | s and g, > 0, ||gn|lzr < 1, such that f,, := R(\,, L)gy, satisfies || f|/z1 — +o0.

Define
fn(x)  n

dx, Ep 1= .
[ fnll 21 " fall
Then iy, > 0, 1n(2) =1 and |le,||1 — 0. The resolvent equation gives

fin(d) =

M+ D)oy, = Ky, + € da.
By weak-* compactness of probability measures on the compact metric space €2, up to extraction,

fn w, € My (Q). Testing against p = 1 gives pu(Q2) = 1.
For every ¢ € C(Q2), the function
= | kap)p(a)do

belongs to C'(2) by (K1). Thus, using the continuity of 7, weak-* convergence and ||e,||;1 — 0, we
may pass to the limit in the resolvent equation and obtain

/Q(S‘f"Y)(PdM:/QK*@CZM:/QL/JCZ(KM).

Hence (s + I')u = Ku, which proves the result. O

Proposition 6.9. Let Q = [0,1], v(x) =z, and k(z,y) = ;. Then

li N 'K) =limr(K N1 =nr.
imr((A+D)7°K) =lmr(KA+I)7) ==

11). Hencem,=1-1.

Consequently, s(Ly,) >0 if m < 1— 1, whereas s(Ly,) =0 if m € [1 —
Proof. For A > 0, set T\ = (A +T')"1K. Then

(T f) (=

:E—|—>\/ 1‘+y

Let (Hf)(x) = fo ;Hy ) dy and wy(x) = ;5. Thus T\ = My, H.

The sharp Hilbert integral inequality [25, Chapter IX, Inequality 9.1.2], together with the dila-
tion invariance of the kernel (z 4 )™}, gives | H|£(£2(0,1)) = 7 Moreover, T} : LY(0,1) — L>(0,1)
for every A > 0. Since T} is compact, its nonzero spectrum is therefore the same whether it is
considered on L'(0,1) or L2(0,1).

On L?(0,1), the nonzero spectrum of Ty coincides with that of Sy = M joxHM 5. Since Sy
is self-adjoint, r(Tx) = [|SAll. Now M s — I strongly on L*(0,1), so that Sy — H strongly. Since
[SA]] < ||H|| = m, we have limsup, g [|SA|| < & Conversely, for every f € L*(0,1) with || fll2 = 1,

L, e
7] =t | S22 < lim inf 53],

and taking the supremum over f yields the reverse inequality. Hence limyor(7T)) = 7. Since for
every A > 0 we have r(Ty) =r (K(A+T)71) (see [16, Lemma 2.1]), we have the result.

Applying the spectral characterization established above to L,, = (1 —m)K — T gives s(L,,) >
0 < (1 —-—m)m > 1. Since v = 0, the spectral bound is equal to 0 otherwise. Therefore
$(Lm) =0 <= m>1-1, which proves the result. O
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